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For the purpose of extinction correction in crystal analysis, the secondary extinction factor 
y is discussed in the light of the new approach developed by the present author. The mosaic 
crystal model is adopted. A comparison is made between the present theory and the conventional 
theory (CT) through functional analysis of y in general cases and numerical analysis in the special 
case of parallel slab crystals. The y values of CT are underestimated by about 4 % and 3 0 % at 
y = 0.5 and 0.15, respectively. For y> 0.7, CT is practically correct. 

1. Introduction 

The present author has developed a "statistical 
dynamical theory" [1] —[6]. The diffraction phe-
nomena in a wide range of crystal perfection from 
ideal crystals to ideally mosaic crystals can be 
understood by this new approach. 

Although the theory intends to solve the extinc-
tion problems it is not very popular and the tradi-
tional approach is still widely used. One of the 
reasons is that the new theory includes unfamiliar 
concepts and has remained in a fundamental stage 
of development. It seems, therefore, worth while to 
demonstrate how the extinction factor y is to be 
calculated and to show the numerical difference be-
tween the results expected by the present theory 
(PT) and the conventional theory (CT) in some 
simple cases. 

Only secondary extinction will be discussed be-
cause it is most seriously concerned in the practices 
of crystal analysis. For the same reason, the model 
of mosaic crystals is adopted although the present 
theory is more versatile. With this model, not only 
the general expression but the concrete expressions 
in a few special cases are presented for the "correla-
tion length", which is a central quantity in the 
present extinction theory. In the course of argu-
ments, also some well-known results in CT are re-
formulated and critically discussed. Finally, numer-
ical examples of the differences of y in CT and PT 
are given in the case of parallelsided crystals. 

Reprint requests to Dr. N. Kato, Department of Crystalline 
Materials Science, Faculty of Engineering, Nagoya Uni-
versity, Chikusa-ku, Nagoya/Japan. 

2. The Correlation Length T 

In the present theory, the lattice phase factor, G, 
its correlation function f(z), and the two kinds of 
correlation lengths ( n , T2) are important quantities. 
They are defined as follows; 

G = exp 2jci(g • u), (1) 

f(z) = <G(0)-G*(z)>, (2) 

00 00 
n = J7(z)dz, T2 = J{/(2)}2d2, (3a, b) 

0 0 

where g is the reflection vector of a (hypothetical) 
perfect crystal and u is the displacement of the 
lattice point from the position in the perfect state, 
therefore being a function of position. By taking 
G(0) and G(z) at A and B, respectively, f(z) is de-
fined by the ensemble average < ) of their product, 
where z is the distance between A and B. Mean-
while, only the second order correlation is con-
sidered. 

The general form of f(z) is illustrated in Fig. 1, 
and can be represented by 

f(.z) = E* + {\-W)g{z), (4) 

where 
E = <G> (5) 

is called the "static Debye Waller factor" and g(z) 
is referred to as the "intrinsic correlation function". 
In this paper, the integrability of f(z) is assumed. 
In other words, E is assumed to be zero. In general, 
f(z) should be replaced by g(z). 

The present theory is free in its formalism from 
a specific model of the lattice distortion. The model 
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z. 

Fig. 1. Correlation function j(z). See (4). 

dependence comes out through the expression of r 
which is obtained only by giving the model of lat-
tice distortion. Since this paper aims mainly at com-
paring the present approach with the conventional 
one, we shall start from the model similar to mosaic 
crystals. 

2.1. The Model 

The model is enunciated in the next paragraph. 
The basic ideas have been explained in Appendix A 
of a previous paper [2]. The "combination model" 
in it is the one discussed in this section. 

If one takes a position A in the crystal, the sur-
rounding region satisfies the Bragg condition with 
a deviation angle cp from the exact one. The prob-
ability is denoted by 0{<p). When X-rays propagate 
through A in the specific direction 5o (or 7g) by a 
distance I, the crystal no longer satisfies the Bragg 
condition with the same deviation angle. Outside 
this distance, the lattice phase is assumed to be 
random with respect to the lattice phase at A. The 
probabilistic distribution of the distance is denoted 
by L(l), I being called "coherent length". Since the 
original position A will be on the half way of the 
total coherent length in the sense of probability, 
the total coherent length or the crystallite size must 
be statistically 

oo 

s = 2<i> = 2 \lL{l)dl. (6) 
ö 

The model implies that the crystal consists of 
crystallites with a misorientation larger than the 
angular spread of the diffraction due to each crys-
tallite. 

2.2. Calculation oj rs 

The procedures of calculating r are also explained 
in the Appendix of the paper mentioned above [2]. 
Here, they are extended further for the later dis-
cussion. We shall introduce the Fourier transform 
o f / ( z ) , ( 7 ) 

/ 2 + sin(£ -f a 09) I 
\ n Joo o £ + a (p 

where 
a = 27i(sin 2 0BM) • (8) 

Then, one can calculate r's by use of Parseval's 
theorem in the Fourier transform,as follows: 

ri = j / y Z ( 0 ) , (9a) 

and, 
+ oo 

T2 = -| J{Z(£)}2d£. (9b) 
— oo 

It is easily seen that Z(cn(p) is the convolution of 
0{(p) and the function 

oo 

C(fi) = $lL{l)[sinr]llr]l]&l, (10) 
o 

where 
r\ = cucp . ( 1 1 ) 

Denoting the Fourier transforms of O {rj/y.) and C (rj) 
as 0{z) and C(z), respectively, one can write 

f(z) = 0(z)C(z). (12) 

With this relation, r2 can be rewritten in the form 
+ OO 

X2 = \ {{<Z>(z)C(z)}2dz. (13) 
— oo 

When the functional forms of 0{(p) and L(l) are 
simple, TI and r2 can be expressed in terms of the 
parameters characterizing @{cp) and L(l). Some ex-
amples are listed in Table 1. 

2.3. The Properties of the sine Transformation 

The function sin xjx is often called sine function, 
so that here the relation (10) is called sine trans-
formation. It is worth knowing the general proper-
ties of C(rj) for characterising n and r2 because, 
often, the analytical expression of C{rf) is difficult 
to obtain directly from L(l). 
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Case 0(<p) Hi) C(n) 
a G Gi G 
b L E L 
c L Ei L2 

G = j /2gr -exp{ - 2ng2(p2} 

L = 2g/(l + (2 ng<p)*) 

TL/L 

(1 + 2a;2)-1/2 

(1 + ®)-i 
(l + i*)/U 

71 
2 

E = (l/[) exp { - ( / / / ) } 
= (2/Z)2Z exp { — (2 J/J)} 

ö i = 

T2/T 
(l/|/2) (1 +2»2)-1/2 

(1/2) (1 + * ) " 1 

(9/16) ( 1 + 1 ^ / ( 1 + ^ ) 3 
1 

(J,/J2)exp j - - J ( J / J ) 2 j Ö = Jexp j - ^ ( J r / ) 2 j 

L = J,/(l + (Irj)2) 
Z2 = f/(l + ((Ury)2)2 

Table 1. The functions of 0(<p) 
and L(l) are normalized in the 
range (— oo, + oo) and (0, oo) 
respectively. The functions C (rj) 
satisfy the require-ments of a, 
b, and c of 1.3 in the text. 
x — ixjg, where ä.— (sin20ßM)J. 

a) When the distribution L (I) is appreciable only 
for a large I, the following asymptotic form is valid: 

si nrjljrjl ^ 7i d(rj)ß. (10a) 
Then, owing to the normalization of L(l) the inte-
gration of I gives 

C(rj)^nd(r}). (10b) 

b) When rj is sufficiently small, 
sinrjllrjl1 (Ha) 

irrespective of I, so that 

C f o ) - * < ! > • ( H b ) 

c) Since 
+ oo 

/ dx = 71 

J C {rj) drj = TI 

(12a) 

(12b) 

irrespective of the details of the normalised L(l) or 
<l>• 

When an analytical form C(rj) is postulated in-
stead of L(l), the properties mentioned above serve 
as the guide lines of the postulate. For example, if 
one postulates a Gaussian form or a Lorentzian 
form for C(rj), one must take 

C f a ) = < I > e x p - - « I > i ? ) a 

71 

= <«> / [ ! + (<l>i?)a] -

(13a) 

(13b) 

In this connection it is worthwhile to consider 
the meaning of the approximate treatments which 
are often used in the conventional secondary ex-
tinction theory (for example Becker and Coppens 
[7]). They postulated ad hoc 

D(rj) = 
sin rj I 

Yj I lL(l)dl (14a) 

<Z> exp _ - ( ^ < Z » 2 
71 

<l> 1 rj<iy 

(14b) 

(14c) 

The form (14b) can be justified by the same argu-
ments described above for C(rj). In this case, the 
integral 

sin x 
x dx (15) 

should be used instead of (12 a). One of the reasons 
of the success of the conventional extinction theory 
lies in the coincidence of the integral results of (12 a) 
and (15). One notices, however, that in the Lo-
rentzian case the scaling factor 4/3 is excessive. 

3. Integrated Intensity 
3.1. General Remarks 

Under the conditions, E = 0 and r <4 A (extinc-
tion distance*, the following energy transfer equa-
tions (ETE) are valid: 

8/o/0so = — (juo + a) h + a l g , (16a) 
e/g/Ssg = - (ju0 + a) 7g + al0, (16b) 

where «o and sg are the coordinates along the direc-
tion of 0 and G beams, respectively, juo is the photo-
electric linear absorption coefficient, and the cou-
pling constant is given by 

(7 = 2 T2/A2 . (17) 

Equations (16) are similar to the ETE's in CT. 
The physical implications, however, are different. 
In PT a is constant. Equations (16) hold for the 
amounts of total energy carried by the 0 and G 
beams, respectively. In CT, the coefficient a is re-

* A-1 = \y.g\ = (X/v){e2/mc2)\Fg\C and Q = (A/sin 26B)/ 
A2 \v: The volume of unit cell; C: Polarization factor]. 
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garded as a function of the glancing angle cp of the 
incident beam, namely 

a (cp) = Q&(cp)*{<xl7i)D{oLcp) 
= Q(<x.jn)W(cp), (18) 

where D(rj) is defined by (14a) and * implies the 
convolutional integral, (OC/TT) IF is a normalised dis-
tribution function. 

The integrated intensity is defined by 
Bg = J J Ig dXß dXA (19 a) 

in PT, whereas it is given by 
Bg = jjdXEdXAj Ig(cp)dcp (19 b) 

in CT. Here, dXE and dXA are the surface elements 
perpendicular to the 0 and G directions, respectively, 
and the integrals are carried out over the entrance 
and exit surfaces. We assert that J dcp is redundant. 

3.2. A Special Example 

In order to see the structure of PT in comparison 
with CT, the symmetrical Laue case of parallel 
sided crystals is considered. The integrated inten-
sity is given by 

Bg= (Q/a) sinh a T 
•exV{-(pio + a)T}, (20a) 

where T = To/cos 0B, ^O being the crystal thick-
ness. A more general expression is given by (16) 
in [6], 

The corresponding expression of CT is 
(20b) 

Bg = f sinh oT • exp {— (/uo + a) Tdcp} , 
— oo 

where (18) is assumed for a. 

3.3. The Functional Form rj = Bg/QT of 
Extinction Factor 

The expression (20 a) is very straightforward. 
y can be written in the form 

y = fv{Z*,M), (21a) 
where 

r 2 = 2 (T2lA) (TIA) , M = pi0T. (22a, b) 

The expression (21a), in fact, is applicable also to 
the more general cases, where Bg is given by (19a), 
provided that the crystal shape is specified by a 
single parameter. For example, for cylinders or 
spheres it is sufficient to replace T by the radius B. 

The expression (20 b) is rather complex, in gen-
eral. y must have the form 

y = < F c ( Z , M ; IF/IF(0)), (21b) 
where 

E = 2[W(0)IA](T/A) (22c) 
and JFC is a "functional" depending on the form of 
the function IF (cp). The expression (21b) can be 
simplified only when IF is characterized by a single 
variable 

w = gcp (23) 

as in the case of a Gaussian or Lorentzian distribu-
tion. In this case, the integral of any function of 
W(cp)jW (0) must be proportional to g~l. Thus, it 
turns out that 

y = (gQT)-ifc(i:,M), (24) 

where / c is an ordinary function. 
Furthermore, (y.jn)W (cp) is a normalized func-

tion so that (a.jn)W(0)jg must be a constant (K) 
irrespective of a and g. On the other hand, it is 
very reasonable to assume D(rj) to be the same as 
C(rj), because they have the same properties as dis-
cussed in Section 1.3. With this assumption and 
from (7) and (9 a) one can see that IF (0) = n so that 

(cl/ti) ti = Kg. (25) 

Thus, rewriting Kfc/U as / c , one can conclude that 
the extinction factor has the form 

y = jc(ZuM), (26) 

where 
Z1 = 2(r1IA)(TIA). (27) 

Obviously, the functional forms of /p and / c are 
different. In the specific cases of (20 a) and (20 b), 
with the use of Gaussian distribution for IF (cp) they 
have the following forms, respectively: 

oo i 
exp M • /p(x, M) = y —r (— 2x)n~l, 

n = ! n\ 
x = I2, (28a) 

exp M • fc (x, M) = 2 -r-r(-2x)n-i, 
nfi \nn\ 

x = h . (28b)* 

The functions are drawn in Figure 2. 
It is worth noting that the distribution IF (cp) is 

Gaussian if we assume both 0(cp) and C(rj) to be 

* For numerical calculation for the original 
form (20 b) has to be used. 
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Fig. 2. Comparison of y in the conventional theory [/c(^i)] 
and the present theory [/p(Z"i//2)] in the parallel-sided 
slab crystals. 

Gaussian (case a of Table 1). Then XI = \ / 2 X 2 , so 
that E\ = ]j2E2. From the expressions (28a, b), 
PT and CT would give the same result up to the 
first power of z. The dotted line of Fig. 2 is /p (27i/|/2), 
which should be compared with fc(Zi). 

4. Discussion and Conclusions 

The present theory is simpler and more versatile 
than the conventional theory. The theoretical frame-
work is independent of the model of crystal perfec-
tion. Once the extinction function like (21a) has 
been obtained for a particular form of the crystal 
it can be used universally. The independent varia-
bles are Z 2 and M, which characterize the crystal 
perfection and absorption, respectively. 

The parameter Z2 is model-dependent through 
the correlation length x2 • In this paper, for making 
comparison between CT and PT, x2 was calculated 
on the basis of the mosaic model. The general ex-
pression is given by (9 b) in terms of the angular 
and size distributions of the blocks, &((p) and L(l). 
The explicit expressions for some particular cases 
are listed in Table 1. 

Conventionally, instead of L(l) the averaged in-
tensity diffraction function of the blocks, D(r]) in 
the present notation, is introduced. Rigorously 
speaking, however, the averaged amplitude diffrac-
tion function of the blocks, C(rj), must be used. 
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ponent of the intensity plays a significant role. This 
effect can be put out of considerations in mosaic 
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